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Loyalty Program in Public Transportation Agencies
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Loyalty Program in Private Transportation Agencies



Research Questions 

1. Are loyalty-programs beneficial to transit agencies?
2. Are loyalty-programs better or worse than pass-programs?
3. How to design the discount policy?
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Overview 

• Literature on loyalty programs 
• Motivation 
• Pass Programs
• Loyalty Programs
• Comparison between pass and loyalty programs 
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Empirical Studies
take the consumer perspective and 

explore the effects of LP on customers’ 
buying behavior.

Theoretical Studies

use mathematical modeling to analyze 
the effects of LP on the firm(s)’ 

profitability and/or market 
competition. 

Loyalty Program Literature

Our approach
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Habib and Hasnine (2017)
McElroy and Miller (2009)
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Theoretical Studies
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LP Literature

Study Market setting Social welfare included?

[1] Duopoly No

[2] Duopoly No

[3] Duopoly No

[4] Monopolistic competition/Duopoly No

[5] Duopoly No

[6] Monopoly No

[7] Monopoly No

[8] Duopoly No

[9] Duopoly No
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Motivation

• Growing popularity of loyalty-programs in transit agencies
• Social welfare is not considered in the existing loyalty-program 

literature 
• No comparison between pass-programs and loyalty-programs in 

terms of profit and social welfare
• Analytical solutions are limited in the loyalty-program literature
• Very few studies on the optimal design of pass-programs
• No studies on the simultaneous presence of pass-programs and 

loyalty-programs 
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The Model 
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Mandatory and Non-mandatory Trips
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Profit (without discount policy)
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Social Welfare (without discount policy)
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The Pass Program 

Pass price = $ p 
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Rider behavior under the pass-policy 

A user only purchases a pass if the cost justifies the benefit  𝑛𝑛𝑛𝑛
2
− 𝑝𝑝 ≥ 𝑚𝑚𝑓𝑓

This is equivalent to 𝑛𝑛𝑛𝑛
2
− 𝑚𝑚𝑓𝑓 ≥ 𝑝𝑝
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Optimal pass-policy to Maximize 
Profit/Welfare
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Profit maximization under the pass-policy

The pass-program improves profit if 𝑐𝑐 < 𝑛𝑛
2
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Social welfare maximization under the pass-policy

The pass-program improves social welfare if is only 
viable when 𝑐𝑐 < 𝑓𝑓/2.
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Optimal pass-policy to Maximize 
Profit/Welfare

22

First-best and second-best solutions are obtained at the 
same pass price. 



Loyalty-Program 

Users get a discount of 𝛼𝛼 (i.e., they pay 𝛼𝛼𝑓𝑓 dollars per trip) after completing a total of 𝑙𝑙 trips.
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User behavior under loyalty-program 
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joining the Loyalty Program Additional rider utility 
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Equilibrium point where marginal 
utility equals the new fare (𝑓𝑓𝛼𝛼)
for the rider

A rider will  only use the loyalty program if  𝑙𝑙 ≤ 𝑚𝑚 + 1 − 𝛼𝛼 𝑛𝑛/2
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𝜋𝜋𝐿𝐿 = 𝑙𝑙𝑓𝑓 + 𝛼𝛼𝑓𝑓 𝑚𝑚 + 𝑛𝑛 1 − 𝛼𝛼 − 𝑙𝑙 − 𝑐𝑐𝐿𝐿 𝑚𝑚 + 𝑛𝑛 1 − 𝛼𝛼

Profit maximization under the loyalty program

The optimal discount rate for profit maximization is 𝛼𝛼∗ = 𝑐𝑐𝐿𝐿/𝑓𝑓.

The optimal discount rate for profit maximization is 𝑙𝑙∗ = 𝑚𝑚 + 1 − 𝑐𝑐𝐿𝐿/𝑝𝑝 𝑛𝑛/2.

The optimal profit of the loyalty program is 𝜋𝜋𝐿𝐿∗ = 𝑚𝑚 +
1−𝑐𝑐𝐿𝐿𝑓𝑓 𝑛𝑛

2
(𝑓𝑓 − 𝑐𝑐𝐿𝐿)

𝑚𝑚 = 10;𝑛𝑛 = 25; 𝑓𝑓 = 4; 𝑐𝑐 = 1.5

Loyalty-program threshold l
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t r
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e 
𝛼𝛼 𝛼𝛼∗ = 0.375

𝑙𝑙∗ = 17.8

The function 𝜋𝜋𝐿𝐿 is strictly concave, so it is maximized at  a unique solution (𝛼𝛼∗, 𝑙𝑙∗). 
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Social-welfare maximization under the loyalty 
program
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Social-welfare maximization under the loyalty 
program
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Loyalty-program threshold l

D
is

co
un

t r
at

e 
𝛼𝛼

Function 𝑠𝑠𝐿𝐿(𝛼𝛼, 𝑙𝑙) is strictly convex. 
Given that we want to maximize 𝑠𝑠𝐿𝐿, the 
optimal solution (𝛼𝛼°, 𝑙𝑙°) falls on the 
boundaries. 

A

B

Point A: 𝛼𝛼, 𝑙𝑙 = 1,𝑚𝑚 ⟶ 𝑠𝑠𝐿𝐿 𝛼𝛼, 𝑙𝑙 = −𝑚𝑚𝑐𝑐𝐿𝐿

Point B: 𝛼𝛼, 𝑙𝑙 = 0,𝑚𝑚 ⟶ 𝑠𝑠𝐿𝐿 𝛼𝛼, 𝑙𝑙 = 𝑛𝑛𝑛𝑛
2
− 𝑚𝑚 + 𝑛𝑛 𝑐𝑐𝐿𝐿

It is clear that point B has a higher 
social welfare. Hence, 𝛼𝛼°, 𝑙𝑙° = (0,m)
and 𝑠𝑠𝐿𝐿° = 𝑛𝑛𝑛𝑛

2
− 𝑚𝑚 + 𝑛𝑛 𝑐𝑐𝐿𝐿

𝑠𝑠𝐿𝐿 = 𝑓𝑓 1 − 𝛼𝛼 𝑚𝑚 + 𝑛𝑛 1 − 𝛼𝛼 /2 − 𝑙𝑙 − 𝑚𝑚 + 𝑛𝑛 1 − 𝛼𝛼 𝑐𝑐𝐿𝐿

C
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Comparison Between the Loyalty Program 
and the Pass Program 
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Comparison of Profit

𝜋𝜋𝐿𝐿∗ = 𝑚𝑚(𝑓𝑓 − 𝑐𝑐𝐿𝐿)+n
1−𝑐𝑐𝐿𝐿𝑓𝑓
2

(𝑓𝑓 − 𝑐𝑐𝐿𝐿) 𝜋𝜋𝑃𝑃∗ = 𝑚𝑚 𝑓𝑓 − 𝑐𝑐 + 𝑛𝑛(𝑓𝑓/2 − 𝑐𝑐)

The loyalty program generates higher profit than the pass-program if and only if 𝑚𝑚/𝑛𝑛 ≤ 𝜙𝜙(𝑐𝑐𝐿𝐿, 𝑐𝑐𝐿𝐿 ,𝑓𝑓) where

𝜙𝜙(𝑐𝑐𝐿𝐿, 𝑐𝑐𝐿𝐿 ,𝑓𝑓) = 𝑛𝑛−𝑐𝑐𝐿𝐿 2−𝑛𝑛2+2𝑛𝑛𝑐𝑐
2𝑛𝑛 𝑐𝑐𝐿𝐿−𝑐𝑐

≡ 𝑐𝑐𝐿𝐿2

2𝑛𝑛 𝑐𝑐𝐿𝐿−𝑐𝑐
− 1.

M
an

da
to

ry
 tr

ip
s m

Non-mandatory trips n

Loyalty-Program

Pass-Program

𝐴𝐴𝐴𝐴𝑐𝑐𝑡𝑡𝐴𝐴𝑛𝑛(𝜙𝜙)

29

≤



Comparative analysis of the social-welfare in 
the Loyalty-Program and the Pass-Policy

𝑠𝑠𝐿𝐿° =
𝑛𝑛𝑓𝑓
2
− 𝑚𝑚 + 𝑛𝑛 𝑐𝑐𝐿𝐿 𝑠𝑠𝑃𝑃° =

𝑛𝑛𝑓𝑓
2
− 𝑚𝑚 + 𝑛𝑛 𝑐𝑐

The optimal social-welfare from the pass-program is always 
higher than the loyalty-program.
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Analysis of Existing Pass 
Programs and Loyalty Programs 
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Burlington

Adults Travel free after 36 single fare rides in same calendar month

Students Travel free after 38 single fare rides in same calendar month

Seniors Travel free after 32 single fare rides in same calendar month

Children Travel free after 38 single-fare rides in the same calendar month

97.00/2.70=35.93

71.00/1.85=38.38

59.25/1.85=32.03

Policy 1: 𝑙𝑙𝑚𝑚𝑜𝑜𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑛𝑛
,  𝑙𝑙𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑜𝑜𝑜𝑜 = 𝑝𝑝𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑚𝑚𝑚𝑚

𝑛𝑛
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Hamilton

Example:

Fare class Single 
PRESTO fare Weekly frequent rider discount PRESTO Passes

Adult $2.30 Free after 11 PRESTO trips in same week (Monday to Sunday) Monthly: $101.20

Child $1.90 Free after 11 PRESTO trips in same week (Monday to Sunday) Monthly: $83.60

Student $1.90 Free after 11 PRESTO trips in same week (Monday to Sunday) Monthly: $83.60

Senior $1.90 Free after 11 PRESTO trips in same week (Monday to Sunday) Monthly:$26.50

Policy 2: 𝑙𝑙𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑜𝑜𝑜𝑜 = 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚/4
𝑛𝑛

,  𝑙𝑙𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑜𝑜𝑜𝑜 = 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚/4.33
𝑛𝑛

(101.20/4)/2.30 =11.00

(83.60/4)/1.90 = 11.00

(83.60/4)/1.90 = 11.00

(26.50/4)/1.90 = 3.49
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Mississauga- MiWay

Example:

Policy 3: Set 𝑙𝑙 and 𝑚𝑚 independently.

(130.00/4.00)/3.00 =10.83

(130.00/4.33)/3.00 =10.01

(61.00/4.00)/2.00 =7.63

(61.00/4.33)/2.00=7.03

Fare class Single 
PRESTO fare Weekly frequent rider discount PRESTO Passes

Adult $3.00 Free after 12 full-fare trips in same week (Mon. to Sun.) Monthly: $130

Child $1.65 Free after 12 full-fare trips in same week (Mon. to Sun.) -

High School Student $2.25 Free after 12 full-fare trips in same week (Mon. to Sun.) -

Post-Secondary Student $2.85 Free after 12 full-fare trips in same week (Mon. to Sun.) -

Senior $2.00 Free after 12 full-fare trips in same week (Mon. to Sun.) Monthly: $61

≠ 12
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Simulation Model for Complex Cases

𝐺𝐺𝑃𝑃 = 𝑛𝑛𝑓𝑓/2 − 𝑝𝑝
𝐺𝐺𝐿𝐿 = 𝑓𝑓 1 − 𝛼𝛼 𝑚𝑚 + 𝑛𝑛 1 − 𝛼𝛼 /2 − 𝑙𝑙 + 𝑙𝑙𝑓𝑓 − 𝛼𝛼𝑓𝑓 𝑚𝑚 + 𝑛𝑛 1 − 𝛼𝛼 − 𝑙𝑙
𝐺𝐺 = −𝑚𝑚𝑓𝑓
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Simulation Results: Pass Program 
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Simulation Results: Loyalty Program
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Both Programs are Offered 
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Key findings 

• Pass-policy is viable only when the cost per user is lower than half the fare
• Pass-policy simultaneously maximizes social welfare and profit
• First-best and second-best social welfare solutions coincide in the pass-program
• The optimal discount rate in the loyalty-program is ratio of cost (per user) over fare for 

profit maximization and it is equal to zero for welfare maximization
• The optimal discount rate in the loyalty-program is zero for welfare maximization
• Profit is generated in the loyalty program only from the first 𝑙𝑙 trips (i.e., trip threshold 

after which the users get a discount)
• According to the ratio 𝑚𝑚/𝑛𝑛 (mandatory over non-mandatory trips) one of the discount-

policies generates higher profit
• The pass-program always generates higher social-welfare than the loyalty program 
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Future research

• Multi-tier loyalty programs
• Crowding costs
• Peak and off-peak periods\spatial structure of the transit network  
• Risk-behavior
• Empirical validation  
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